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The impulse response of real-world physical systems decays faster at high
frequencies than low frequencies. This is due to the approximate ennstant "Q "behavior
of the resonators that often make up these systems. Considerable efficiency can be
obtained in digitizing, storing, and nmnipulating impnlse response data that has been
sanlpled at a rate that starts high initially, and then falls inversely with time. This paper
explores this concept, and develops an efficient log-log time-frequency transform that
converts back and forth directly between log-spaced time samples and log-spaced
frequency samples. A very efficient FIR convolver/equalizer configuration, with
logarithmically-spaced time taps. is described.

0. INTRODUCTION

Digital signal processing (DSP) operates on signals that are discrete in time; i.e., the signal is
defined at discrete times by a sequence of numbers [ 1, Chapter 2]. Because the real world usually
supplies analog or continuous-time signals, these signals must be first converted to discrete-time or
digital signals by the use of an analog to digital converter. In all but the most rare cases, the analog
signals are converted to digital signals at equal-spaced values of time. The only restriction is that
the analog signal must be bandlimited to a frequency which is less than or equal to one-half the
sampling rate, to minimize aliasing distortion.

This paper considers a nonuniform sampling technique where continuous-time data is
sampled at a high rate at the start of the data, and then falls inversely with time to a low sample rate

at the end of the data. This forms a sequence whose sample times have equal.percentage values of
time, a so called log-spaced sequence. This method is primarily applied to sampling of impulse
responses and their manipulation. Real-world impulse responses have the characteristic that the
high-frequency energy primarily exists at the start of the response, while low-frequency energy
covers a wider time span.

According to [2, Chapter 2, "Nonuniform Sampling," F. Marvasti]:
"One might argue that nonuniform sampling is the natural way for the discrete

representation of a continuous time signal. For example, consider a non-stationary
signal with high instantaneous frequency components in certain time intervals and
low instantaneous frequency components in others. It is more efficient to sample
the low-frequency regions at a lower rate than the high-frequency regions. This
implies that with fewer samples per interval, one might approximate a signal with
appropriate nonuniform samples. In general, fewer samples mean data
compression: i.e., it signifies less memory and processing time for a computer and
faster transmission time and/or lower bandwidth for digital transmission."

In equal-spaced or uniform time sampling, a sequence of samples x[n] is obtained from a

continuous-time signal xc(t ) according to the relation x[rl] -- xc (nT) where n is an integer in

the range -oo < n < oo. In this paper, an alternate sampling scheme is presented where the



samples are taken at equal-percentage times according to the relation x In] = xc (Tre!Rn), where

R is a number in the range R > 1, and Tret is a reference time (the sample time when n = 0).

Although n can range over all integers, it is restricted to values of zero or greater in this paper
n__0.

Fig. 1 illustrates linear and logarithmic sampling showing how the instantaneous sample rate
changes over time. The dots indicate the individual sample points. Both linear and logarithmic
scales are shown. The linear sampling starts at time zero with a constant sample rate of 50 kHz.
The log sampling parameters follow the later Example 2 of Section 4.2.2, with an initial sample
rate of 50 kHz, starting at roughly 77.3 us, with 10 points per decade (time ratio of one-tenth

decade or about one-third octave R _ 1.259), and falls thereafter following j$ (t) _ 3.86/t.
In parallel with sampling in time, is sampling in frequency. Conventionally, most spectral

and frequency response data is sampled at equal-spaced intervals of frequency. This is in contrast
to the way that typical frequency-based data is almost always viewed, on a log frequency scale! It
also makes sense to logarithmically sample frequency data. Log-sampled frequency data, although
more common than log-sampled time data, is still generated quite infrequently. This paper in
addition to considering log sampling in time, also formalizes log sampling in frequency, including
a conversion method that directly converts log-sampled time data to log-sampled frequency data.

Log-spaced sampling is included in the much wider research area of nonuniform sampling.
The field of nonuniform sampling is an area undergoing much research 131.The reader is referred
to the excellent book [2, with emphasis on Chapter 411 for more information including a
comprehensive list of references. The log-periodic antenna structure is the result of log-spaced
design methods [4, Chapter 14][5, Chapter 9]. To the best of my knowledge, no previous work
has been published on log-spaced sampling in a digital signal processing context.

0.1. Conventional Linear-Spaced Sampling and Processing
A large body of research and knowledge has grown up based on the theory and application of

digital signal processing of signals that are defined at equal intervals of time [6-7]. In audio, one of
the most common operations performed by digital signal processing is the operation of filtering and
convolution. DSP systems that perform these operations may be used to implement such common
audio devices such as filters, equalizers, crossovers, reverberators, room auralization processors,
to name a few.

All these common DSP-based processing devices perform a discrete convolution between the
input data stream and an internally-stored discrete representation of the impulse response of the
system being implemented. This impulse response is almost always expressed as a series of
equally-spaced samples of the continuous impulse response. The amount of storage required to
store the impulse response (or equivalently the number of taps on the delay line convolver used to
implement the convolver) rises in direct proportions to the sample frequency and to the length of
the impulse response.

For a device such as a room auralization processor, which may require full-bandwidth
operation for a very long impulse response, the storage space (and hence convolver size) can be
considerable. For example, a room processor used to simulate a large room with a 20 second
reverberation time with a 50 kHz sample rate, may require more than 2 megabytes of storage for
stereo operation (2 x 50k samples/sec x 20 seconds)! The processing required to accomplish this
convolution in real time is considerable. In practical auralization processors, techniques such as
multi-rate processing and limitation of the length of the impulse response ease the implementation
task [8].
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0.2. Logarithmic-Spaced Sampling

This paper considers an alternate scheme of storage and manipulation of impulse data which
is more closely matched to the characteristics of typical impulses. Rather than sampling the impulse
response data at equal intervals of time, a logarithmic-spaced sampling scheme is considered,
where the sample rate is high initially and then falls inversely with time.

In log-spaced sampling, the samples occur at times which form a geometric sequence, where
the ratio between one sample time and the next is constant. In conventional linear-spaced or
uniform sampling, the samples occur at times which form an arithmetic sequence, where the
difference between two consecutive sample times is constant. Even though linear-spaced
sampling may or may not be periodic (a equal-spaced sequence is periodic if x[n] = x[n + lq]

for all n), log-spaced sampling is inherently not periodic (this is why I choose not to call log-
spaced sampling "log-periodic" sampling). Even if a finite-length log-spaced sequence is made
periodic by repeating the sequence end to end (called periodic nonuniform sampling) no advantages
result.

The impulse response of real-world physical systems usually decays much faster at high
frequencies than low frequencies. This is due to the approximate constant "Q" behavior of the
resonators that often make these systems. For a specific Q, a high-frequency resonator's energy
decays much quicker than a low-frequency resonator. For a specific decay threshold (say 60 dB
down), the ring-down time (or reverberation time) of a resonator is directly proportional to its Q
and inversely proportional to its resonant frequency. This means that for a multi-resonant wide
bandwidth system containing many resonators, all of which have the same approximate Q, the
effective upper-bandwidth of the frequency content of the system's impulse response, decreases as
time increases.

For systems that meet this criteria (this includes all causal minimum-phase low-pass and
band-pass systems), considerable efficiency can be obtained in digitizing, storing, and
manipulating the impulse response data, if the data is sampled logarithmically in time, rather than
linearly in time. This means that the impulse response is sampled at a high initial rate and then
sampled less frequently as time progresses, the sample rate falling inversely with time.

The impulse response, rather than being sampled at constant time intervals, is instead
sampled at intervals that increase at a constant percentage value from each sample to the next, i.e.
assuming a times two multiplier, if the first sample is at 10 us, the following samples would be
taken respectively at 20, 40, 80, 160 us .....etc. The sample time multiplier need not be an integer
value as it is here (x2), but can be any positive real value greater than one, i.e., if the multiplier is
1.01 the samples would occur at 10, 10.1, 10.201, 10.303 us ..... etc.

This paper examines this logarithmic sampling scheme in some detail and develops some
preliminary theory and design techniques, including an efficient Fourier transform method that
converts back and forth directly between log-spaced time samples and log-spaced frequency
samples, and applies log sampling to the design of finite impulse response (FIR) convolvers.

1. AN EXAMPLE: DISPLAY OF IMPULSE RESPONSE PLOTTED
VERSUS LINEAR TIME AND LOG TIME

The original idea for the log sampling scheme described in this paper occurred when I was
observing some impulse data from a loudspeaker using a graphing program on my computer.
Normally, impulse responses are always plotted versus linear time, on a scale that starts from zero
and goes to some maximum value. Speaker impulse responses usually exhibit a lot of high-
frequency activity at the start of the response, while the low-frequency output is spread out over
the whole response.

Plotting the data on'a linear time scale means that if you want tOobserve all the significant
features of the response, you have to display the impulse response on several different time scales.
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However, when displayed on a log time scale, which in effect expands the start of the response
and compresses the end of the response, you can see all the significant features of the impulse
response on one display! Computer graphing programs make it easy to plot data on a linear or log
horizontal scale. Oscilloscopes do not normally allow you to observe data on a logarithmic time
scale.

This section illustrates the display of impulse response data on linear and log time scales. The
impulse data was generated by computer simulation of a multi-resonant band-pass system model.

1.1. Band-Pass Model
A wide-band minimum-phase band-pass system was formulated that provided a rich impulse

response with significant ringing at 100 Hz and 1 kHz. This system was composed of cascaded
high- and low-pass filters with added peak and shelf filters to modify the response.

Fig. 2 shows the block diagram of the multi-resonant band-pass system composed of the
cascade connection of: 1) a tenth-order Butterworth high-pass filter at 100 Hz, 2) a 100 Hz Q = 8
second-order peak filter with a gain of 18 dB at its peak, 3) a 1 kHz Q = 16 second-order peak
filter with a gain of 12 dB at its peak, 4) a second-order low-frequency shelf filter providing
attenuation of 20 dB above 2 kHz with unity gain at very-low frequencies (a 200 Hz normalized

s 2 +2s+10

transfer function of H(s) l O(s 2 + 2s + 1_ where s -- j co), and 5) a tenth-order Butterworth
\ /

low-pass filter at 1 kHz.
Fig. 3 shows the frequency response of the model plotted over a two-decade 20 Hz to 20

kI-Iz log frequency scale. The response rolls off very rapidly at 60 dB/octave at high and low
frequencies and exhibits peaks at I00 Hz and 1 kHz.

1.2. Impulse Response Displayed on a Linear Time Scale
Fig. 4 shows the impulse response of the model plotted over linear time scales of 0 to 0.2 s

(top graph) and an expanded (xl0) linear time scale of 0 to 0.02 s (bottom graph). Note that the
longer 0.2 s time-span graph (top) clearly shows the 100 Hz low-frequency ring down, but does
not clearly show the 1 kHz information on the left side of the graph. Conversely, the x 10 expanded
time scale (bottom graph) clearly shows the high-frequency 1-kHz ring down, but not the details of
the much longer low-frequency 100-Hz ring down.

1.3. Impulse Response Displayed on a Log Time Scale
Fig. 5 shows the impulse response of the model plotted on a logarithmic time scale. The log

time scale runs over a nearly 3-decade 400 us to 0.2 second range. Here, all the details of the
impulse response are clearly shown including the high frequency ring down at short times, and the
low-frequency ring-down at long times! It was this display of impulse response, plotted on a log
time scale, that was the impetus for the research described in this paper.

2. SAMPLING AND RECONSTRUCTION IN THE TIME DOMAIN

The sampling and reconstruction of signals in the time domain is fundamental to the operation
of DSP-based processors. A major application of discrete-time processing systems is in the
processing of continuous-time signals. Most real-world processing devices must operate on
continuous or analog signals, i.e., the input and output signals of the processor are continuous.
Internally, the continuous input signal must be converted to a discrete-time signal by sampling,
then be processed in the digital or discrete-time domain, and then finally converted back to a
continuous signal by a reconstruction technique.
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Fig. 6 shows a general block diagram of an system that accomplishes discrete-time
processing of continuous-time signals [1, p. 91]. The system is a cascade of a continuous to
discrete (C/D) converter followed by a discrete-time processing system followed by a discrete to
continuous (D/C) converter. According to [1, p. 92],

"The block diagram .... represents a large class of systems since the sampling
rate and the discrete-time system can be chosen as we wish. Note that the overall
system is equivalent to a continuous-time system since it transforms the continuous-
time input signal Xin(t)into the continuous-time output signal yout(t) ."

In Fig. 6, the input continuous-time signal is first sampled, then processed by a discrete-time
processing system, and then converted back to a continuous-time signal by a reconstruction
process.

2.1. Linear-Spaced Sampling in Time: A Review

The sampling, processing, and reconstruction operations outlined in the block diagram of
Fig. 6 are almost always done on data which is sampled at equally-spaced values of time. The
following two sections detail the operations that typically occur in the C/D and D/C blocks in Fig.
6.

2.1.1. Conventional Linear-Spaced Sampling
Fig. 7 shows the internal details of the ideal continuous-time to discrete-time C/D conversion

block of Fig. 6, along with the impulse response of the ideal low-pass filter which serves as an
anti-alias filter. Note that I have explicitly included the anti-alias filter as a part of the C/D
conversion process.

The continuous-time input signal is first bandlimited to one-half the sample rate with an ideal
perfect brick-wall low-pass filter, then sent through an impulse train modulator, and then converted
from impulses to a sequence of numbers. Note that the C/D block is a representation of the
mathematics of ideal sampling, and not a representation of actual physical circuits that might be
used to approximate it. In the real-world, a high-rolloff filter and/or oversampling techniques may
be used along with an analog-to-digital converter to implement the C/D converter.

Note that the impulse response of the ideal low-pass filter is given by the sinc function [1,
p.881:

hLp (t) = sinc(t_). (1)

where
7- = samplingperiod

sin(Tr x)
sinc(x) - --

7tx

This'function is unity at t = 0 and has zero crossings at every integer multiple of Tother than
zero, i.e. t = :knT,n _ 0 (all other sample times). This function is shown later in Fig. 9(a).

2.1.2. An Alternate View of Linear-Spaced Sampling:
Decomposition into Shifted Sinc Functions

An alternate way to view the operation of the ideal C/D sampling operation of Fig. 7 is to
view it as the decomposition of the input continuous-time signal into a series of shifted sinc
functions. Of course, the amount of shift is equal to an integral multiple of the sample time period
(shift = _+.nT-).
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The decomposition appears as:

x[n] = J(t) sinc(t- nT)dt forn an integer (2)

where

x in ] = sequence of numbers representing sample amplitudes at each instant of
time, for linear-spaced samples

n = sample count
s_(t) = continuous-time function to be sampled
T = sampling period (= 1/)'s)
fs = sampling frequency in Hz.

Note that this decomposition works because the sinc function forms an orthogonal system for
unit shifts:

sinc(t- j)sinc(t - k)dt = for j_ k

where
j, k = integers.

This 'alternate view of the sampling operation can be thought of as a combined operation that
includes the low-pass filtering and sampling in one operation. As will be shown in the next
section, the decomposition operation of Eq. (2) is the inverse of the reconstruction operation Eq.
(4).

2.1.3. Reconstruction of a Linear-Spaced Signal from Its Samples
Fig. 8 shows the internal details of the ideal discrete-time to continuous-time D/C conversion

block of Fig. 6. The sequence of sample numbers are first converted to a sequence of impulses at
the sample rate, and then passed through an ideal reconstruction filter, which is identical to the
perfect brick-wall low-pass filter of Fig. 7. This reconstruction filter has the exact same frequency
response and impulse response as that shown for the antialias filter &Fig. 7.

The reconstruction process for a linear~spaced sample sequence may be written as:

+CO

x_(t) = ]_x[n] sine[(t -nT)/T] (4)
ti= -_

where

x r(t) = reconstructed continuous-time signal

x in ] = sequence of numbers representing sample amplitudes at each instant of
time, for linear-spaced samples

n = sample count integer
T = sampling period (=//./s)
fs = sampling frequency in Hz.
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