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Maximum Efficiency of Direct-

Radiator Loudspeakers

D. B, (DON) KEELE, JR.

Audio Magazine, Hachette Magazines, Inc., New York, NY 10019, USA
DBK Associates, Elkhart, IN 46517, USA

The Thiele/Small method of low-frequency direci-radiator loudspeaker system
analysis neglects the radiation impcdance components in the equivalent electric network
model. When these components are included some surprising results are evident. Due 1o
the definition of efficiency widely used in direct-radiator loudspeaker analysis, the
absolute maximum efficiency is limited to 25%. With voice-coil inductance neglected,
inclusion of the radiation impedance components transform all responses from high-pass
into band-pass functions. For low frequencies, the maximum achievable nominal power
teansfer efficiency is found to be proportional to cone diameter. For a specific diameter,
the maximum efficiency depends only on the moving mass to air-load mass ratio.
Relationships and graphs are presented which relate the truc nominal power-transfer
cfficiency to the Thiele/Small derived efficiency.

0. GLOSSARY OF SYMBOLS

= R

effective radius of driver diaphragm
magnetic flux density in driver air gap
ratio of of driver voice coil dc resistance to electrical resistance representing the real
part of the acoustic radiation load (= R/ Rgyp =Ry / Ry
= 128p, c/9r2 « SpR;/B212 =~ 1879 a2R;/B212)
velocity of sound in air ( =343 m/s at 20° C)
total acoustic compliance of driver and enclosure
electrical capacitance representing air-load mass on driver diaphragm
(=Muya/ B22) (for ka < 0.3, = (8py/3)+ a3/ B2 =~ 3.23 a3/ B212)
electrical capacitance representing driver moving mass (= My, 1/ B212, not
including air-load mass)
pseudonym for Cysp¢
pseudonym for Cg,p

effective diameter of driver diaphragm (=2a)
input voltage applied to terminals of loudspeaker, V rms

output voltage appearing across real part of radiation load in circuit mode! (R EAR)

error value used in calculation of Thiele-Small Efficiency vs true efficiency
natural frequency variable in Hz
resonance frequency of second-order band-pass system (frequency at peak of

response)



G(s)

Leer
Lg

Mpa

Mup
Mpys

Mmax
npeak
Po

@y

response function (= e,,,(s)/e;,(s))

wave number (= @/c=2n/7)

length of voice-coil conductor in magnetic gap

electrical inductance representing total system compliance (= C, 7822/ Sp?)

electrical inductance of driver voice coil

mechanical air-Joad mass on driver diaphragm (= 1/ @Y, ), note that this
value varies with frequency and can be approximated at low frequencies
by 8pya3 /3 ~3.23 a3 (forka<0.3)

mechanical moving mass of driver diaphragm assembly not including air load

mechanical moving mass of driver diaphragm assembly including air load
(=Myp +Mpa)

acoustic output power ( = eom2 IR g4 in circuit model)

nominal electrical input power ( = e; 2/R;)

ratio of reactance to resistance (series circuit) or resistance to reactance (parallel
circuit

Qof secon?j-order band-pass system at peak of response (/)

acoustic resistance of driver suspension losses

dc resistance of driver voice coil

electrical resistance representing the real part of the acoustic radiation load
(=B22 Yy ), note that this value varies with frequency and can be

approximated at low frequencies by (9n2 / 128) « B212 /pycSy, = B212 / 187942
(forka <0.3)

electrical resistance representing driver mechanical losses (= R 4 BX2/ Sp2)

pseudonym for Ry,

pseudonym for Rp,p
complex frequency variable ( = ¢ +j®)

effective surface area of driver diaphragm ( = na2)

efficiency, (= power out / power in)

asymptotic reference efficiency of driver defined as per R. E. Small (known as the
Thiele/Small reference efficiency)
(=(py/ 2nc) 'Bzﬂ/RE ’SD2/MMS)

same as 7, except that efficiency is computed using the moving mass only (Mup),
which does not include the air-load mass

maximum efficiency

efficiency of second-order band-pass system at peak of response (f;))

density of air ( = 1.21 kg/m3)

radian frequency variable ( = 2xf)

radian center frequency of second-order bandpass filter



®, radian comner frequency corresponding to driver moving mass -- driver voice-coil
resistance (= 1/R,Cy = BURpM),p)
@y radian corner frequency corresponding to the frequency where the radiation

reactance and resistance are equal at about ka =1
(=1/RyCy=1/RgpRCraR = (16/37) c/a = 1.7 cla))

@y normalized frequency (= /@, = @R Cy)

Yy complex mechanical radiation mobility (reciprocal of mechanical radiation
impedance) of the air load upon one side of a plane piston of radius @ mounted
in an infinite flat baffle (=Y, +j¥;)

Yp real part of the mechanical radiation mobility of the air load upon one side of a plane
piston of radius a@ mounted in an infinite flat baffle, note that this value varies
with frequency and can be approximated at low frequencies ( ka < 0.3 )

by (9n2 /128 ) IpyeSp,
Y, imaginary part of the mechanical radiation mobility of the air load upon one side of

a plane piston of radius  mounted in an infinite flat baffle, note that this value
varies with frequency and can be approximated at low frequencies ( ka < 0.3 )

by (3n /8) /pycSpka
v ratio of driver moving mass to air-load mass ( = Myp / Mya=C mEs! Cear
=Cy/Cy=Myp/ (8[)0(13/3) = 3/(8pp) * Mmp / a3 =031 Myp / a3)

1. INTRODUCTION

The widely used methods of direct-radiator loudspeaker system analysis, based on the
pioneering work of Thicle and Small, neglect the radiation impedance components in deriving the
system response functions [1, 2, 3, 4], Neglecting these components provides a very powerful
simplification of the equivalent circuit that helps the designer in deriving the appropriate response
functions and system relationships. One of the main effects of not including the radiation terms in
the analysis, is that all derived responses are high-pass functions. Another effect is the illusory
masking of the efficiency relationships in concealing how the functions behave a1 high efficiencies
(assumed here to be efficiencies greater than about 5 to 10%). Questions such as: will the
efficiency continue to double (+3 dB) each time I raise the BI product by the squire root of two?,
will the efficiency continue to double each time I double the number of units in an array?, or how
high can I really get the system efficiency by combining multiple units in arrays?, are not
answered.

Beranek [5, p. 183], although not neglecting the radiation components in his analysis, does
not provide any systematic evaluation of the resultant model except for isolated examples. Locanthi
[6] in an excellent early work, which applies electric circuit analogs to loudspeaker design,
calculates a transmission coefficient and a maximum theoretical efficiency for the specific situation
of a driver having a very high B/ product, but does not extend the analysis to the general case
where an arbitrary Bl product sets the mid-band efficiency.

In this study, I include the radiation impedance components in the model and derive
relationships that yield a number of important relationships, These include: the absolute maximum
efficiency, the maximum efficiency as a function of radiator size and frequency, the maximum
efficiency as a function of moving mass to air-load mass ratio, the true nominal power transfer
efficiency as a function of frequency with comparison to the Thiele/Small efficiency, and derive the
value of the B/ product that maximizes efficiency for a particular set of driver parameters.
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One important observation, of this study, is the limitation of the efficiency to an absolute
maximum of 25%. This is due directly to the specific definition of efficiency that is widely used in
direct-radiator loudspeaker system analysis. In this definition, the input power, rather than being
the true input power, which varies with frequency depending on the impedance of the speaker, is a
fictitious power called the nominal electrical input power, which does not change with frequency.
In this definition of efficiency, called the nominal power transfer ratio, the efficiency is the ratio of
the actual system acoustic output power to the fictitious electrical input power delivered into a fixed
resistance by the same source. This fixed resistance is assumed to be the dc resistance of the driver
voice coil [2]. If the fixed resistance were equal to twice the dc resistance of the driver voice coil,
as is done in horn analysis, the absolute maximum efficiency would be 50%, rather than 25%. In
practical measurement situations, the fixed resistance is often assumed to be equal to the minimum
impedance within the defined operating bandwidth. This minimum impedance is sometimes 25%
greater than the dc resistance, and as a consequence, the efficiency might be 1 dB greater than the
value measured using the dc resistance. Furthermore, if the bandwidth of operation is restricted to
a narrow range around the system resonance, the impedance in this range may be even higher, thus
raising effective efficiency even further. This paper, however, will define the fixed resistance as
being equal to the dc resistance, in keeping with the precedent of past theoretical analysis.

The assumption that the input power is equal to the nominal input power greatly simplifies
the speaker system analysis and makes the efficiency frequency response equal to the frequency
response that you measure under actual use situations, ie driving the system with a constant voltage
source. If the true input power were used instead, the efficiency frequency response would diffex
greatly from the in-use frequency response, for the majority of systems.

Mutual acoustic radiation impedance and coupling of an array of similar radiators is not an
issue in this analysis [7]. What is being analyzed, in every case, is a single circular radiator of
arbitrary dimensions. If one prefers to think of the single radiator as being composed of an array of
smaller elements, each sub-element radiator must be shaped in such a way as to achieve a 100%
packing density, (perhaps a square sub-element radiator). This situation corresponds to 100%
mutual coupling and makes the array of elements completely equivalent to the larger radiator, of the
same outside dimensions, that it replaces.

2. REVIEW OF GENERALIZED DIRECT-RADIATOR
LOUDSPEAKER MODEL ANALOGOUS CIRCUIT

In this paper, all analogous circuits are of the mobility type with all electrical quantities
referred to the electrical side [5]. In the mobility-type analogous circuit (dual of the impedance-type
analogous circuit), voltage is the analog of velocity (or volume velocity) and current is analogous
to force (or pressure). In this analog, an acoustic or mechanical mass is represented by a capacitor,
and an acoustic or mechanical compliance is represented by an inductor.

2.1 Complete Model

Fig. 1 shows a relatively complete analogous circuit model of a direct-radiator loudspeaker
mounted in a closed-box enclosure. Components represented include: dc resistance of voice coil
(Rp), inductance of voice coil (L), total system compliance (including driver suspension
compliance and possible rear air cavity compliance) (Lcgr), moving mass (mass of driver
diaphragm assembly including voice coil) (Cysrg), mechanical losses (Ry), and acoustic radiation
components (Ry4p and Cpsp). The acoustic radiation components are represented here by a
capacitor and resistor whose values vary with frequency. It will be shown later that these

components can be assigned constant non-frequency-varying values without effecting the operation
of the circuit to any great extent..



2.2 Simplified Model

For analysis purposes in this paper, a simplified version of the circuit model of Fig. 1 was
generated by removing or short-circuiting appropriate elements, the radiation components are of
course left in. This simplified circuit model is shown in Fig. 2. Two elements of the model were
neglected: voice inductance (Lg) by short-circuiting, and driver mechanical losses (Rgg) by
removal (only driver electro-mechanical damping and damping due to sound radiation is included).
For the analysis in this paper, various configurations of the simplified circuit were evaluated to
derive various maximum efficiency relationships.

3. EFFICIENCY

The efficiency relationships used here are related directly to component values in the
analogous electrical circuit model, rather than starting from the original acoustical definitions (the
relationships are exactly equivalent however). This means that the acoustic output power is that
power developed in the circuits electrical resistance that represents the real part of the acoustic
radiation load.

3.1 Definition

The definition of efficiency used here is essentially the same as Small's [2], except that the
output resistance of the source is neglected (R ' 0, in Small's model ). The efficiency or nominal
power transfer ratio is defined as being the ratio between the radiated acoustic power (P4 ) and the
nominal electrical input power (Pg):

77=£A—
Py

M

3.2 Nominal Electrical Input Power

The nominal electrical input power is defined here as the power delivered by the source, with
ZEro source resistance, into a resistor having the same value as the driver voice coil resistance Rp:

2
€in
P =

Rg @

As will be shown later, it is this widely used definition of input power that constrains the
absolute maximum efficiency of direct-radiator loudspeakers to 25%.
3.3 Acoustic Output Power
The radiated acoustic output power is defined here as the power delivered by the circuit
model into the resistance that represents the real part of the acoustic radiation load:
2
PA out
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3.4 Acoustic Radiation Load

The acoustic load for this study is assumed to be that of the air load on one side of a plane
circular piston mounted in an infinite flat baffle radiating sinusoidally. [8, p. 179], [9, p. 326]. The
load can be looked at in two different ways: as a mechanical (or acoustic) impedance where voltage
is the analog of force (or pressure) and current is analogous to velocity (or volume velocity), or as
a mechanical (or acoustic) mobility, which is the reciprocal of impedance (equivalent to admittance
in electrical circuits), where voltage is the analog of velocity (or volume velocity) and current is
analogous to force (or pressure). In the electrical analogous circuit, the mobility load is the proper
one to use.

3.4.1. Acoustic Impedance

Without going into any detail about the functions which define the acoustic load on one side
of a plane circular piston mounted in an infinite flat baffle [51,[8], and [9], Fig. 3 shows the
familiar normalized real and imaginary parts of the radiation impedance functions for this situation.
The analogous circuit, that corresponds to this radiation impedance, is a parallel RL circuit whose
component values are not constant and vary with frequency.

3.4.2, Acoustic Mobility (Admittance)

Fig. 4 shows the corresponding real and imaginary parts of the normalized radiation mobility
functions for the same situation. The analogous circuit that corresponds to the radiation mobility is
a series RC circuit whose component values are not constant and are functions of frequency. As
can be seen from the graph, for frequencies below the frequency where ka = 1 (f = ¢ / 2na ) these
functions approach straight lines. The correspondence of these functions to the reactance and
resistance of a series RC circuit is quite clear.

3.4.3. Approximate Analogous Circuit
Below ka = 0.3, the normalized radiation mobility functions can be approximated by the
following asymptotic functions [5]:

9n?
real part =Y, ¢ pocSp = 128 " 0.694 i @

. . 3r 118
imaginary part=1Y,; » PoCS p = % = _I;a— “

When these values are transferred over to the electrical side of the model, this load
corresponds to a series RC high-pass circuit whose component values are:

Rk —gpyoE B B
2 — YEAR T R=Thg o™ 10790 -2
128 pyeS, 187197 ©

Co=C. = 1 _ kapycS, 8p, a’ ~ 3.234°
2 T “EAR T p2;2 - - *TA A T T A A
B oY 32123?” 3 g22 g2
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Equating Egs. (4) and (5) and solving for ka yields:
ka=—=17
iz ®

This value is the corner frequency at which the R and C values of Eqs. (6) and (7)
correspond:

B 1 1 16 ¢ 4
RppCran RC, 37m a a. ©)

Dy

Note that this corner frequency is not at the frequency where ka = 1, but is roughly 70%
higher. Further on in this study, the normalized value of omega @y = @/ , will be used. The

dimensionless value @y can be giving in terms of the dimensionless value a , as follows:

Wy =-:i—g-ka = 0.58%%a = ka /1.7
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3.5 Efficiency vs Frequency

The previous values for nominal electrical input power (P), Eq. (2) and acoustic output
(P4), Eq. (3), may be used in Eq. (1) to yield the general equation for efficiency vs frequency in

terms of the response function of the network, G{jw):

2
eoul 2
P R, R, . R , R
()= = B =\ o (i) B =|G(jo)* L~ =|G(jw)|* —-
Py €in in Rpar Rpap R,
R .1

4. MAXIMUM EFFICIENCY

The maximum efficiency for several different conditions of the simplified circuit model of
Fig. 2 were analyzed. These conditions included: 1. the absolute maximum efficiency when only
the driver dc voice coil resistance and the real part of the radiation load are considered (infinite
system compliance, zero moving mass and infinite air load mass), 2. the maximum efficiency with
infinite system compliance and zero moving mass, and 3. the maximum efficiency with infinite
system compliance.



4.1 Absolute Maximum Efficiency With Infinite Suspension
Compliance, Zero Moving Mass, and Infinite Air Load Mass

This situation corresponds to the condition where all the components that might impede the
flow of power from source to load, have been removed. Only the resistance of the voice coil and
the real part of the radiation load remain, forming a voltage divider.

4.1.1. Model

The model for the situation of infinite suspension compliance, zero moving mass, and infinite
air-load mass is shown in Fig. 5. This model is the simplest possible case and just includes the
driver dc voice coil resistance (R = R{) connected directly to the radiation load (Rgyp = R). The
driver diaphragm area and B/ product are the only parameters that can be adjusted to set the relative
size of the reflected radiation resistance as compared to Ry, Adjusting these parameters raises and
lowers the efficiency, but as will be shown, the efficiency can only be raised so far.

4.1.2, Response Function
The response function for this situation is independent of frequency and is just equal to the
voltage divider action of the two resistors: .-

G(jw) — R2 — REAR

Ry +R, Rpgp+Rgp 12)
4.1.3. Efficiency Function
Combining Eqgs. (11) and (12) yields:
R,
77(60)=(“—‘“‘“R2 ) (El“)= L 7= % 7= £ 3
R+RyJ\Ry) (R +R,) (_R_]HJ (B+1)

Ry , a3)

where
B= Ry/ RZ.

Fig. 6 shows a plot of this relationship as a function of .

4.1.4. Absolute Maximum Efficiency

The graph of Fig. 6 shows a maximum of 0.25 (25%) at 8= 1, which is equivalent to R} =
R, or R = Ry p. This result is verified by finding the maximum of Eq. (12) with respect to 3, by
differentiating Eq. (12) with respect to 8, equating to zero, and solving for § and then substituting

back in Eq. (12). When this is done, the maximum occurs at S = 1, where the efficiency is
1/(141 )2 = 1/4 = 0.25 = 25%.



This relatively low value of absolute maximum efficiency (rather than 50% which would be
expected for a load connected to a generator with the load resistance equal to the generator's source
resistance) is a direct result of the definition of nominal electrical input power used in the definition
of efficiency. If the input resistance of the driver were defined as being 2R, rather than R, as it is
in the definition of efficiency for horn loaded drivers [10], the maximum efficiency would be 50%
rather than 25%, as it is here. Alternately, efficiency could be defined as relating true output power
versus true input power (rather than nominal input power), which would remove this limitation and
would allow efficiency to rise to 100%. Unfortunately, this would mean that the efficiency
frequency response function would differ from the response function measured with constant input
voltage, and thus the efficiency frequency response would differ greatly from the response under
normal operating conditions. As an example, the true efficiency of a closed box system at box
resonance can approach 100%, because the input impedance could be very high at resonance, thus
making the input power quite low. This would reflect as a peak in the efficiency frequency
response that would not be representative of the frequency response as the system is normally
used, with a constant voltage drive source.

This power transfer condition is exactly the same as a generator having a source resistance of
R driving a load of resistance R,. Maximum power is transferred when the load resistance is
equal to the source resistance. In this case, however, the efficiency is reduced by a factor of 2,
because the input power is twice as high due to the definition of nominal electrical input power.

4.2 Efficiency With Infinite Suspension Compliance And Zero
Moving Mass

This sitvation differs from the previous situation in that a finite radiation air-mass load is
included in the model. The power, in effect, has to flow through the radiation air mass (capacitor)
to get to the load. In the mobility model, an infinite air mass (as in the last situation analyzed)
provides no impediment to power transmission, A finite air mass, however provides more
impediment to power flow the lower the frequency. The frequency at which the power starts to
become limited is approximately the frequency where ka = 1 or @ 5 = 1.7 ¢/a. At all lower
frequencies, the impediment increases in direct proportion to the decrease in frequency. Thus, the
main effect of finite radiation air mass, is a rolloff of efficiency at the rate of 6 dB per octave below
the frequency where ka = 1.

4.2,1. Model
The model for the situation is the same as the last except for the addition of a capacitor C, in

series with the load, corresponding to the air mass component of the radiation load. The circuit
model corresponding to this situation is shown in Fig. 7. Be aware that the values of both the
resistor (R,) and capacitor (C,), that model the complex radiation load, are non-linear and vary as a
function of frequency. As was shown before, however, approximate constant values may be
chosen that mimic the behavior of the actual load throughout the low-frequency range (ka < 1).
Note that corner frequency ®,, where the reactance of C, equals R,, is fixed once the the
frequency that corresponds to ka = 1 has been chosen. The Bl product and cone area parameters
can be changed to scale the relative impedance levels of the radiation load as compared to the
resistance of the voice coil (Rp).



4.2.2, Response Function
If the approximate analogous circuit is used for the radiation load, the response function for
this situation is a first-order high-pass filter. The level at high-frequencies is set by the voltage

divider ratio between R and R,, with a corner frequency of ® =1/ ((Ry + R,)C, ) where the
response is 3 dB down from the plateau level of Ry/(R| + R,). The response function for this
situation appears as:

R2 ]
R, +R
TR +R,)C
(R +Ry) 2. 14
4,2.3. Efficiency Function
Eq. (14) may be converted to magnitude-squared form and appears as follows:
2
R2 o?
o R1+R2
IGG@)" =- 2
2 1
@ (R, +R,)C.
1 2772 (15)
Combining Eqgs. (11) and (15) yields:
RR,
N (Rl +R2)2
) =(G(jw)]" 7= i
PO R TR)C
(Ry +Ry)"Co” (16)

Eq. (16) may be rewritten in normalized form by choosing B=R, /Ry, 0w, =1/(R,C;),
andwy=0/w,y:

2
7 Oy

A M.
2

VL —
YU+ an

In various frequency regions the efficiency response takes on the following values:
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