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Effective Performance of Bessel
Arrays

D. (DON) B. KEELE, JR.

Audio Magazine, Di dis Communications, Inc., New York, NY 10036, USA
Techron, Div. Crown International Incorporated, Elkhart, IN 46517, USA

The Bessel array is a configuration of 5, 7, or 9 identical speakers in an
equal-spaced line array that provides the same overall polar pattern as a single
speaker of the array. This study reports the results of a computer simulation,
using point sources, to determine the effective operating frequency range,
working distance, efficiency, power handling, maximum acoustic output,
efficiency-bandwidth product, and power-bandwidth product, etc., of the array.
The various Bessel configurations are compared to 1, 2, and 5 source equal-
spaced equal-level equal-polarity line arrays.

As compared to a two-source equal-level in-phase array, a five source Bessel
array is 2.4 dB Jess efficient, can handle 1.75 (+2.4 dB) more power, has the
same maximum midband acoustic output power, and is usable for
omnidirectional radiation 10 times higher in frequency! A working distance of
twenty times the length of the Bessel array was assumed, with the length of the
Bessel array (center-to-center measurement) being four times that of the two-
source array.

Analysis reveals that the three Bessel arrays have equal maximum acoustic
output, but that the five-element Bessel array has the highest efficiency and
power-bandwidth product. The 7 and 9-source Bessel arrays are found to be
effectively unusable, as compared to the 5-source Bessel, due to much lower
efficiency, requirement for more sources, and poor high-frequency performance.

Judging polar peak-to-peak ripple and high frequency response, the
performance of the Bessel array is found to improve in direct proportion to
working distance away from the array, Unfortunately, the phase vs direction
and phase vs frequency characteristics of the Bessel array are very non-linear and
make it difficult to use with other sources.

0. INTRODUCTION

The Bessel array is a patented [1, assigned to U. S. Philips Corporation]
configuration of equally-spaced identical transducers that is said to provide the same overall
polar pattern as the polar pattern of a single transducer of the configuration. It is a method
that extends the directional operating bandwidth of an array of transducers up into the
region where the length of the array is a large number of wavelengths [2], [3]. The
introduction to the Philips article describes the justification for the Bessel configuration [2]:



"An array of N loudspeakers connected in parallel and in phase can radiate
N2 times as much power as a single loudspeaker at very low frequencies, but
only N times as much at high frequencies. The power response of the array is
therefore quite different from that of the single loudspeakers that compose it.
This is due to the increased directivity of the array; whereas the radiation pattern
of a single loudspeaker is reasonable omnidirectional, usually up to at least a
few kilohertz, that of an array is so only at low frequencies. At high
frequencies it becomes much more directive; moreover, the directivity varies
considerably with frequency. ... These shortcomings can be remedied, at some
expense to power radiation, by correctly proportioning the drive to the
individual speakers of the array, The required proportioning coefficients are
based on the Bessel functions."

The configuration normally takes the form of a five, seven, or nine- element line array
or a twenty five (5 x 5 ) element symmetrical planar (panel) source. Only the line array
Bessel configurations are analyzed in this study. The method used to set the drive levels of
the transducers in the array essentially randomizes the polarity of each of the elements [4],
[5]. These polarity reversals dramatically reduce the sensitivity and efficiency of the
resultant array as compared to an equal-drive-level equal-polarity array. However, the
chosen drive levels do dramatically extend the directional operating bandwidth of the array
up into the region where the array is many wavelengths long.

To my knowledge, most (if not all) of the available references to the Bessel array
contain hardly any information on the effective operation of the configuration. Some
questions that immediately come to mind are: How high in frequency does the array
operate? How far away from the array must you be? How does the efficiency, power
handling, and maximum acoustic output compare to other array configurations? Which of
the three array types: five, seven, or nine-element Bessel, is the best?

These and other questions are answered in this paper by analyzing the Bessel
configuration using simulations based on arrays of point sources. The point source, being
omnidirectional, should provide omnidirectional radiation when arrayed in a Bessel
configuration. The degree to which the analyzed configurations provide omnidirectional
coverage is the basis for evaluating their effective performance.

1. REVIEW OF BESSEL DERIVED SOURCE LEVELS

Quoting again from [2]:

"Consider an array of 2N+1 speakers equidistantly spaced in a straight line and
driven by a common signal multiplied by coefficients (a-y, a-nN+1, ... @p. ... aN-1, an)
peculiar to each speaker. Assume that

- the point of observation P is in the far-field region of each speaker

- the radiation of each speaker is not influenced by the others
- all speakers have the same frequency and directional response A(®,6) »
The required proportioning of drive levels (both level and polarity) of each of the

transducers of the configuration is based on numbers derived from the Bessel function of
first kind and order n [2] , [6]:

k
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The method relies on a mathematical property of the Bessel function which is:
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This property, combined with the equation that gives the pressure magnitude and phase at
point P, at a particular frequency and angle for an array of sources (at an infinite distance):

p(0,0) = A(,0) ia, eti=)
n=-N 3

where
@lsin @
X =

, (assumes sample point at infinite distance)

o = frequency, radians per sec =2z f
¢ = velocity of sound
I = distance between speakers
6 = angle between sample point vector and array axis
A(®,0) = amplitude - phase function that gives the directional
characteristics of a single source
a, = drive level of source n giving strength and polarity

yields a function that makes the dependence of the magnitude of p on direction and
frequency the same for the array as for a single speaker that makes up the array:

p(,6)= A@,6) 31,2t

a=-N
= A(w, 8)e ) if N — oo
or
|p(e.6)=|A(,0)] @

The last equation clearly shows that the polar pattern of the array will be same as one
of the sources that makes up the array. This function only works exactly, of course, for an
infinite array of sources and a sample point at an infinite distance from the array. A finite
sized array of 5, 7, or 9 sources is also found to work quite well even if the drive levels are
restricted to approximate values limited to the integer ratios 1 and +2 (+0.5 and *1 in
practice). These approximate values allow the drive levels of the array to be set by simple
series/parallel connections of the drivers.

The approximate coefficient values are derived from the Bessel function by searching
for arguments (both integer and non-integer values of z are allowed) that yield a coefficient
ratio series that can be approximated by 1 and +2. An argument value of z = 1.5 is found
to be a good choice for the 5 element array coefficients. Fig. 1 shows the resultant
coefficient values of J,(1.5), over the range -10 <= n <= +10, plotted in bar graph form.
Both the actual values and the absolute values are plotted for comparison purposes. The



plotted values show that the function very rapidly decreases to very small values for n
beyond +3. Truncating the series beyond these values eliminates relatively little from the
sum.

Choosing the range -2<= n <= 2 yields the series:

To(L5), Ji(L5), Jo(L5), J,(L.5), J,(1.5) =
0.232, -0.558, 0.512, 0.558, 0.232

whose ratios can be approximated by

Five element Bessel ratios = +0.5: -1:+1;+1:+0.5.
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Likewise, the corresponding series for z = 2.405, and z = 3.83 yield the approximate
drive ratios for the 7 and 9 element Bessel arrays respectively:

Configuration:

Seven element Bessel ratios =-0.5: +1:-1:0:+1:+1:+0.5

GP@@@@GID

Configuration;

Nine element Bessel ratios =+0,5 : =1 :4+1:0:-1:0:+1 : +1: +0.5
I |
I 2.0 —

Note that sources that have zero drive levels can be eliminated from their respective
arrays, making the 7 element Bessel array have 6 actual sources and the 9 element Bessel
array have 7 actual sources. Note also, that the spaces for the removed sources must be
preserved.

These drive ratios can be implemented by simple series/parallel hookups for each of
the three configurations. Each ratio combination can be connected in a mostly-parallel or
hmostly-series hookup. Only the more practical mostly-parallel connection will be analyzed

ere,

Configuration:




2. SIMULATION METHODS

The polar and frequency response simulations were accumplished by evaluating a
more complete version eq. (3), that takes proper account of the actual distance from each
source to the sample point, with no approximations. This more complete equation allows
proper evaluation of effective working distances from the array. The equation appears as:

S 2 (i)
p(w,G):A(a),O)Z AR

n==N r;l (7)
where
k= wavenumber=2=ﬂ=2_”
c c A

o = frequency, radians per sec =27z f
¢ = velocity of sound

A = wavelength = ;‘i—

f = frequency, Hz
r, = distance from source n to sample point = r, |

a, = strength and polarity of source n

All distances in this paper are referenced to a system that has a unit velocity of
transmission. This means that at a frequency of one Hz a unit distance is one wavelength
long. All the S element arrays have a unit overall source center-to-center length. A
working distance of 20 units implies that the pressure sampling point is 20 times the length
of the 5 element array away from the center of the array.

The array was oriented so that its axis was along the y axis, with its center at the
origin of the coordinate system. Rotation was always around the center of the array (the
origin), with the zero angle in the direction of the positive x axis and positive angles in the
counter-clockwise direction. For the Bessel arrays, the sources with higher number Bessel
coefficients were above the x axis (positive angles).

A number of the analysis factors require the calculation of the peak-to-peak ripple in
dB for the polar directional pattern at a specific frequency. The equation to calculate this
ripple factor [2] appears as:

Peak - to - Peak Ripple dB = R(w) = 20log L%
|p(£0, e)lmm -n<6sn

@®

All calculations for this paper were done on a Macintosh I desktop computer using a
combination of the Microsoft spreadsheet program "Excel™" and the math analysis
program "Mathematica™ " by Wolfram Research, Inc (used for all graphic output). All
equations were set using the Macintosh program "MathType™ "by Design Science, Inc.



3. ARRAY ANALYSIS FACTORS

The various Bessel configurations (five, seven, and nine-source line arrays) were
compared to one, two, and five-source equal-spaced equal-level equal-polarity line arrays.
A number of analysis factors were used in the comparison: voltage sensitivity, impedance,
efficiency, maximum input power handling, maximum acoustic output power and SPL,
maximum operating frequency, working distance, polar directional response, frequency
response (both magnitude and phase), polar peak-to-peak ripple vs frequency, efficiency-
bandwidth product, power-bandwidth product, and power-bandwidth product per unit.
These analysis factors are individually described in the following subsections:

3.1. Voltage Sensitivity

The voltage sensitivity of a system is the on-axis sound pressure level (SPL)
generated at a specific distance for a particular applied voltage. In this paper, all
measurements are referenced or normalized to a point source which is assumed to have all
unit specifications ie., a sensitivity of 1 or 0 dB SPL for an applied unity voltage, at a one
unit distance. The sensitivity of the analyzed arrays is just simply the total of the individual
drive levels,

3.2. Impedance

The input electrical impedance for each analyzed array was computed assuming a
unity impedance (resistance) for each of the individual sources.

3.3. Efficiency

The electro-acoustical efficiency (electrical input power divided by the resultant
acoustical output power) of each array was computed by direct comparison to a single point
source, in the omnidirectional radiation region of the array's frequency range. An
efficiency of unity was assigned to the point source. The efficiency of an array was
computed by squaring its sensitivity and multiplying by its impedance:

1, = i‘;“‘ = Sens® Z,
in )
3.4. Power Handling
The maximum input electrical power handling of an array was computed by summing
the individual source powers computed by applying a unity input voltage and assuming
unity impedances for all individual sources.
3.5. Maximum Acoustic Qutput Power and SPL
The maximum acoustic output power was computed by multiplying the array's
efficiency by its maximum input electrical power:
Pu=1F, 6

The sound pressure level in dB was calculated by using 10Log10(P ous/Prey), Where
Preris unity (the power output of a single source).



3.6. Maximum Operating Frequency

The maximum operating frequency was assessed by simulating the polar response of
the analyzed array using eq. (7) and then finding the maximum frequency up to which the
peak-to-peak polar magnitude ripple (eq. (8)) did not exceed a specific amount, usually 3,
4, 6, or 9 dB. Note that a point source has a maximum operating frequency of infinity,
using this definition!.

3.7. Working Distance

The working distance was assessed similarly to maximum operating frequency by
polar simulations and then noting the minimum operating distance that provided a specific
peak-to-peak polar ripple. Usually a specific working distance (in array length terms: 5,
10, or 20 units) was chosen and then all the relevant parameters were calculated.

3.8. Polar Response

Polar directional responses were computed using equation (7) at various angles and
distances for each of the analyzed configurations. A set of polar responses at a fixed
working distance (usually 20 units) at various frequencies were simulated along with a set
at a fixed frequency (usually 10 Hz) at various working distances. Both magnitude and
sometimes phase vs angle plots are displayed. The linear phase effects of transport delay
between source and sample point were removed in all phase displays.

3.9. Frequency Response (Magnitude and Phase)

Magnitude and phase frequency responses were computed using equation (7) at
various angles and distances for each of the analyzed configurations. A set of frequency
responses at various angles at a fixed distance (usually 20 units) were simulated along with
a set at a fixed angle (usually 45 degrees) at various working distances. Both magnitude
and sometimes phase (also group delay in one case) vs frequency plots are displayed. The
linear phase effects of transport delay between source and sample point were removed in all
phase displays.

3.10. Polar Peak-To-Peak Ripple vs Frequency

A plot of the polar peak-to-peak ripple in dB vs frequency indicates the tradeoff of
polar non-linearities vs high frequency limit. In general, all arrays exhibit increasing polar
ripple as the frequency is increased.

3.11. Efficiency-Bandwidth Product

The efficiency-bandwidth product was computed by forming the product of the
efficiency and the maximum operating frequency. This number gives you a comparative
value that indicates how thrifty the analyzed array is in terms of its efficiency and operating
frequency range.

3.12. Power-Bandwidth Product

The power-bandwidth product was computed by forming the product of the
maximum acoustic output power and the maximum operating frequency. This number
gives you a comparative value that indicates how how well the analyzed array functions in
terms of its output power and operating frequency range.



3.13. Power-Bandwidth Product per Unit

The power-bandwidth product per unit was computed by dividing the power-
bandwidth product by the number of units in the array. This number can be thought of as a
figure of merit for comparing the operating effectiveness of the analyzed arrays, on a per-
unit basis.

4. SIMULATION RESULTS

Several different point source configurations were analyzed and compared for this
study. All configurations were analyzed in terms of the performance of a single point
source. The configurations analyzed are described as follows:

1) Two equal-level equal-polarity sources with center-to-center
spacing of 0.25 (same center-to-center spacing as the individual
spacing of the five element arrays),

2) Two equal-level equal-polarity sources with center-to-center
spacing of 1.0 (same overall center-to-center length as the five element
arrays),

3) Five equal-level equal-polarity equal-spaced sources with
individual center-to-center spacing of 0.25 and overall center-to-center
length of 1.0,

4) Five source Bessel array with individual center-to-center spacing of
0.25 and overall center-to-center length of 1.0,

5) Seven source Bessel array with individual center-to-center spacing of
0.25 and overall center-to-center length of 1.5, and

6) Nine source Bessel array with individual center-to-center spacing of
0.25 and overall center-to-center length of 2.0.

Note that all the arrays have the same individual center-to-center spacing (except for
the two source configuration with center-to-center length of 1.0). This means that the
overall array length increases in direct proportion to the number of sources. This models
the real world situation of using the same size transducers packed as close together as
possible.

For each configuration, several possible analysis factors were calculated: voltage
sensitivity, impedance, efficiency, maximum input power handling, maximum acoustic
output power and SPL, maximum operating frequency, working distance, polar directional
response, frequency response (both magnitude, phase, and group delay), efficiency-
bandwidth product, power-bandwidth product, and power-bandwidth product per unit.
See previous section 2 for further explanations of these factors.

The results of the simulations are described in the following sections and shown in
Figs. 2 to 32.

4.1. Single Point Source

A single point source is the reference for all the following array configurations. The
single point source is arbitrarily assigned all unit parameters and its characteristics are
shown in Table 1. Note that all the frequency dependent factors have infinite values
because the point source by definition has no upper frequency limit.

The polar response of the point source (not shown) is a perfect circle, while its
frequency and phase responses (not shown) are straight lines. The polar and frequency
responses of the reference point source are not distance dependent. Note that table entries
have been reserved for working distances of 5, 10, and 20 units at peak-to-peak ripple
values of 3, 4, and 6 dB.



4.2. Two Sources, Equal-Level Equal-Polarity with 0.25 and 1.0
C-C Spacing

The two-source array is the simplest configuration one step above the single source,
and is used quite frequently to increase the acoustic output, as compared to a single source.
Unfortunately, as the following simulations show, the maximum frequency of operation
drops dramatically because of source interference and lobing. Two double-source
configurations, with center-to-center spacing of 0.25 and 1.0 units, were analyzed and are
described in the following section.

The two-source array with 0.25 unit c-c spacing has the same center-to-center spacing
as the individual spacing of the five element arrays. This close side-by-side spacing is the
logical configuration for getting the most performance (highest operating bandwidth) from
a two source array. All the characteristics and calculated parameters for the two-source
array with 0.25 c-c spacing are shown in Table 2.

The 1.0 unit c-c spaced two-source array has the same center-to-center spacing as the
overall c-c spacing (outside sources) of the five element arrays. If you just simply remove
the center three sources of the five element array you get this spacing. All the
characteristics and calculated parameters for the two-source array with 1.0 c-c spacing are
shown in Table 3.

All the responses and characteristics for the 1.0 unit c-c spacing array are the same as
the 0.25 unit c-c spacing array but shifted down in frequency by two octaves (frequency x
1/4). The data on the 1.0 unit c-¢ spacing array has been included for comparing against
the five-source arrays, which have the same length.

4.2.1. Polar Responses

The polar magnitude responses of the two-source array with 0.25 c-c spacing, at
constant distance, are shown in Fig. 2. The polars are displayed at half-decade intervals
from 0.316 Hz to 31.6 Hz and at a working distance of 20 units. An additional polar at 2.0
Hz is also displayed. All the polar plots displayed in this paper cover a range of 40 dB
with +6 dB at the outer edge and -34 dB at the center. All polars are normalized so that the
on-axis level is 0 dB. Note that at 2 Hz, where the sources are one-half wavelength apart,
the first polar null at 90 degrees off axis occurs. Note also, that above about 1.8 Hz, the
polar response is multilobed and hence unusable for omnidirectional response.

The polar responses for the 0.25 c-c spacing array, at a fixed frequency of 10 Hz and
at different working distances, are shown in Fig. 3. Polars at distances of 1.25, 2.5,5,10
and 100k units are shown. Observe that the polar responses essentially exhibit no change
with increasing working distance beyond about 2.5 units (10 times array length). Note that
the 100k (one hundred thousand) unit distance is extremely far from the array; essentially
an effective infinity. If the overall length of the array were 2 ft (0.6 m), this distance would
be about 38 miles (60 km) away!

Only a few polar responses were done on the two-source array with 1.0 c-c spacing,
mainly to illustrate the variation of phase vs angle with frequency and working distance.
The previous two-source array exhibits the same behavior but four times higher in
frequency. Note that the first polar null at 90 degrees off axis occurs at a frequency of 0.5
Hz where the sources are one-half wavelength apart (not shown).

Fig. 4 shows various magnitude and phase polar responses at different frequencies
(f) and distances (D) for the two-source array with 1.0 c-c spacing. The following four
combinations are plotted:

1)f=1Hz, D =20 units;

2)f=1Hz, D =100k;

3)f=2Hz, D =20,

4)f=2Haz, D = 100k.



